We prove that the positive fragment of first-order intuitionistic logic in the language with two variables and a single monadic predicate letter, without constants and equality, is undecidable. This holds true regardless of whether we consider semantics with expanding or constant domains. We then generalise this result to intervals [QBL, QKC] and [QBL, QFL], where QKC is the logic of the weak law of the excluded middle and QBL and QFL are first-order counterparts of Visser's basic and formal logics, respectively. We also show that, for most "natural" firstorder modal logics, the two-variable fragment with a single monadic predicate letter, without constants and equality, is undecidable, regardless of whether we consider semantics with expanding or constant domains. These include all sublogics of QKTB, QGL, and QGrz-among them, QK, QT, QKB, QD, QK4, and QS4.
Introduction
While the (first-order) quantified classical logic QCl is undecidable [4] , it contains a number of quite expressive decidable fragments [3] . This has long stimulated interest in drawing the borderline between decidable and undecidable fragments of QCl using a variety of criteria, in isolation or in combination, imposed on the language. One such criterion is the number and arity of predicate letters allowed in the language: while the monadic fragment is decidable [1] , the fragment containing a single binary letter is not (as follows from [7] ). Another is the number of individual variables allowed in the language: while the two-variable fragment is decidable [14, 8] , the three-variable fragment is not [17] .
Similar questions have long been of interest in (first-order) quantified intuitionistic and modal logics. Kripke [11] has shown that all "natural" quantified modal logics in the language with two monadic predicate letters are undecidable, while Maslov, Mints, and Orevkov [12] and, independently, Gabbay [6] have shown that quantified intuitionistic logic with a single monadic predicate letter is undecidable.
The question of where the borderline lies in the intuitionistic and modal case when it comes to the number of individual variables allowed in the language has been recently investigated by Kontchakov, Kurucz, and Zakharyschev in [9] . It is shown in [9] that two-variable fragments of quantified intuitionistic and all "natural" modal logics are undecidable. Moreover, it is established in [9] that, to obtain undecidability of two-variable fragments, it suffices use, in the intuitionistic case, two binary and infinitely many monadic predicate letters, while in the modal case, it suffices to use only (infinitely many) monadic predicate letters.
Two questions were raised in [9] concerning the languages combining restrictions on the number of individual variables as well as predicate letters: first, how many monadic predicate letters are needed to obtain undecidability of the two-variable fragment in the modal case, and second, whether it suffices to use monadic predicate letters to obtain undecidability of the two-variable fragment in the intuitionistic case.
In the present paper, we address both of the aforementioned questions. First, we show that for two-variable fragments of most modal logics considered in [9] , it suffices to use a single monadic predicate letter to obtain undecidability. Second, we show that the positive fragment of quantified intuitionistic logic QInt is undecidable in the language with two variables and a single monadic predicate letter. We also show that the latter result holds true for all logics in intervals [QBL, QKC] and [QBL, QFL], where QKC is the logic of the weak law of the excluded middle and QBL and QFL are first-order counterparts of Visser's basic and formal logics, respectively.
The paper is structured as follows. In section 2, we prove undecidability results about modal logics. In section 3, we do likewise for the intuitionistic and related logics. We conclude, in section 4, by discussing how our results can be applied in settings not considered in this paper and pointing out some open questions following from our work.
Modal logics
In this section, we prove undecidability results about two-variable fragments of quantified modal logics with a single monadic predicate letter.
Syntax and semantics
A (first-order) quantified modal language contains countably many individual variables; countably many predicate letters of every arity; Boolean connectives ∧ and ¬; modal connective ✷; and a quantifier ∀. Formulas as well as the symbols ∨, →, ∃, and ✸ are defined in the usual way. We also use the following abbreviations: ✷ + ϕ = ϕ ∧ ✷ϕ and
A Kripke frame is a tuple F = W, R , where W is a non-empty set (of worlds) and R is a binary (accessibility) relation on W . A predicate Kripke frame is a tuple F D = W, R, D , where D is a function from W into a set of non-empty subsets of some set (the domain of F D ), satisfying the condition that wRw ′ implies D(w) ⊆ D(w ′ ). We call the set D(w) the domain of w. We will also be interested in predicate frames satisfying the condition that wRw ′ implies D(w) = D(w ′ ); we refer to such frames as frames with constant domains.
A Kripke model is a tuple M = W, R, D, I , where W, R, D is a predicate Kripke frame and I is a function assigning to a world w ∈ W and an n-ary predicate letter P an n-ary relation I(w, P ) on D(w). We refer to I as the interpretation of predicate letters with respect to worlds in W .
An assignment in a model is a function g associating with every individual variable x an element of the domain of the underlying frame.
The truth of a formula ϕ in a world w of a model M under an assignment g is inductively defined as follows:
• M, w |= g ∀x ϕ 1 if, for every assignment g ′ such that g ′ differs from g in at most the value of x and such that g
Note that, given a Kripke model M = W, R, D, I and w ∈ W , if D w = D(w) and I w (P ) = I(w, P ), then the tuple M w = D w , I w is a classical predicate model.
We say that ϕ is true at world w of model M and write M, w |= ϕ if M, w |= g ϕ holds for every g assigning to free variables of ϕ elements of D(w). We say that ϕ is true in M and write M |= ϕ if M, w |= ϕ holds for every world w of M. We say that ϕ is true in predicate frame F D and write F D |= ϕ if ϕ is true in every model based on F D . We say that ϕ is true in frame F and write F |= ϕ if ϕ is true in every predicate frame of the form F D . Finally, we say that a formula is true in a class of frames if it is true in every frame from the class.
Let M = W, R, D, I be a model, w ∈ W , and a 1 , . . . , a n ∈ D(w). Let ϕ(x 1 , . . . , x n ) be a formula whose free variables are among x 1 , . . . , x n . We write M, w |= ϕ[a 1 , . . . , a n ] to mean M, w |= g ϕ(x 1 , . . . , x n ), where g(x 1 ) = a 1 , . . . , g(x n ) = a n . Given a propositional normal modal logic L, let QL be QCl ⊕ L where ⊕ is the operation of closure under (predicate) substitution, modus ponens, generalization, and necessitaion.
For technical reasons, we define logics QGL sem and QGrz sem as the sets of quantified formulas true in all the frames of propositional logics GL and Grz, respectively. Note that logics QGL sem and QGrz sem differ from QGL and QGrz as the latter ones are Kripke-incomplete [13, 16] ; clearly, QGL ⊆ QGL sem and QGrz ⊆ QGrz sem .
Given a logic L, we denote by L(2) the two-variable fragment of L, i. e. the subset of L containing formulas with at most two individual variables.
We now turn to addressing the question, raised in [9] , of how many monadic predicate letters are needed in the language of quantified modal logics to obtain undecidability of their two-variable fragments.
Sublogics of QGL and QGrz
In this section, we show that two-variable fragments of all logics in the intervals [QK, QGL] and [QK, QGrz] are undecidable in the language with a single monadic predicate letter.
It is proven in [9] , Theorem 3, that two-variable fragments of a wide variety of quantified modal logics-including all the logics considered in this section-in the language with infinitely many monadic predicate letters are undecidable. To that end, it is shown in [9] how, given an instance T of an undecidable tiling problem, one can effectively compute a formula ξ T such that T tiles N × N if and only if ξ T is satisfiable in a logic L such that L is valid on a frame containing a world that can see all worlds from an infinite set V 1 , each of which can in its turn see infinitely many worlds from an infinite set V 2 disjoint from In what follows, we effectively embed the monadic fragment of each of the logics in [QK, QGL] and [QK, QGrz] into its subfragment containing only one monadic predicate letter, using a uniform embedding e. In particular, we obtain an undecidable fragment, e(F ), belonging to all the logics in [QK, QGL] and [QK, QGrz] . Embedding e, when applied to a formula ϕ, produces a formula, e(ϕ), with the same number of individual variables as ϕ. Our main result in this section then immediately follows.
Let ϕ be a formula containing monadic predicate letters P 1 , . . . , P n . Let P n+1 be a monadic predicate letter distinct from P 1 , . . . P n and let B = ∀x P n+1 (x). Define an embedding · ′ as follows:
Proof. Assume that M, w 0 |= ϕ, for some M based on a frame for L. Let M ′ be a model that extends M by setting I(w, P n+1 ) = D(w), for every w ∈ W . Then,
Note that, for every logic L in the statement of the lemma, M ′ is based on a frame for L. ✷ Remark 2.2 In view of the proof of Lemma 2.1, if B ∧ ϕ ′ is satisfied in a model M, we can assume that B is true in M.
We now inductively define
Next, for every k ∈ {1, . . . , n + 1}, define
For every k ∈ {1, . . . , n + 1}, let F k = W k , R k be a Kripke frame where
be a model with constant domains and let a be an individual in the domain of M k . We 
Now, let
and let ϕ * be the result of replacing in ϕ ′ of P k (x) with β k (x), for every k ∈ {1, . . . , n+ 1}.
Proof. The right-to-left direction follows from the closure of L under predicate substitution. For the other direction, suppose that B ∧ϕ ′ is QK-satisfiable. Let M = W, R, D, I be a model such that M, w 0 |= B ∧ ϕ ′ , for some w 0 ∈ W . In view of Remark 2.4, we may assume, without loss of generality, that M |= B.
For every w ∈ W and every frame F k (1 k n + 1), let F w k = {w} × W k , R w k be an isomorphic copy of F k . For every w ∈ W and k ∈ {1, . . . , n + 1}, add {w} × W k to W and call the resultant set W * . Define the relation R * on W * as follows:
Thus, for every w ∈ W , we make the roots of frames F w 1 , . . . , F w n+1 accessible from w. Next, for every u ∈ W * let
Finally, for every u ∈ W * and every a ∈ D * (u), let
. . , n+1}, and i ∈ {0, . . . , k}; and
* . It then immediately follows from Lemma 2.3 that, for every w ∈ W , every a ∈ D(w), and every k ∈ {1, . . . , n + 1},
We can then show that, for every w ∈ W , every subformula ψ(x 1 , . . . , x m ) of ϕ, and every
where
The proof proceeds by induction. We only consider the modal case, leaving the rest to the reader. In this case,
therefore, we may apply the inductive hypothesis and conclude that M, w |= ∀x P n+1 (x) and M, w
sem and QGrz sem , the proof is similar. The only difference is that, when defining the model M * , instead of R * mentioned above, we take as the accessibility relations its transitive and its reflexive and transitive closure, respectively. ✷ Now, for a closed formula ϕ in the language with at most two individual variables and only monadic predicate letters, define e(ϕ) = ∀x β n+1 (x) ∧ ϕ * . Then, e embeds the fragment F described at the beginning of this section into e(F ), which contains formulas with at most two individual variables and only one monadic predicate letter. The next statement immediately follows. Theorem 2.6 Let L be a logic such that QK ⊆ L ⊆ QGL or QK ⊆ L ⊆ QGrz. Then, the fragment of L(2) containing formulas a single monadic predicate letter is undecidable.
Corollary 2.7 QK(2), QT(2), QD(2), QK4(2), QS4(2), QGL(2), and QGrz(2) are undecidable in the language with a single monadic predicate letter.
Remark
We conclude this section by noticing that the results obtained herein are quite tight. In has been shown in [19] , Theorem 5.1, that for logics QK, QT, QK4, and QS4, adding-on top of the restriction to at most two individual variables and a single monadic predicate letter-the very slight restriction that modal operators apply only to formulas with at most one free individual variable results in decidable fragments. As noticed in [19] , the same holds true for the other logics mentioned in Corollary 2.7.
Some other logics
The results presented in the preceding section do not cover some of the logics considered in [9] ; namely, logics whose frames have a fixed branching factor, such as QGL.3 and QGrz.3, as well as the logic QS5, where each world can see all the worlds in the (connected sub-)frame.
We can, however, get "reasonably close" to QS5 by modifying the construction presented above to logics in the interval [QK, QKTB], where QKTB is the logic of reflexive and symmetric frames. To that end, we modify the formulas α k as follows. First, let
, where 1 i < k, and let, for every k ∈ {1, . . . , n + 1},
For an individual a, an a-suitable model looks as follows. Call a world an a-world if it makes P [a] true and anā-world otherwise. The model is a chain of worlds whose third element is its "root", an a-world, where α k (x) is evaluated. The root is preceded by twō a-worlds and is followed by a pattern of worlds, which in turn is succeeded by three final a-worlds. The pattern looks as follows: a single a-world is followed by 2i + 1ā-worlds, for 1 i k. This gives us the following theorem.
Theorem 2.9 Let L be a logic such that QK ⊆ L ⊆ QKTB. Then, L(2) with a single monadic predicate letter is undecidable.
Intuitionistic and related logics
We now consider logics closely related to the quantified intuitionistic logic QInt.
Syntax and semantics
The (first-order) quantified intuitionistic language contains countably many individual variables; countably many predicate letters of every arity; propositional constants ⊥ ("falsehood") and ⊤ ("truth"); propositional connectives ∧, ∨ and →; as well as quantifiers ∃ and ∀. Formulas are defined in the usual way. In what follows, we use the following abbreviabions: ✷ϕ = ⊤ → ϕ, ✷ 0 ϕ = ϕ, and ✷ n+1 ϕ = ✷✷ n ϕ. A Kripke frame is a tuple F = W, R , where W is a non-empty set (of worlds) and R is a binary (accessibility) relation on W that is reflexive, anti-symmetric, and transitive.
A Kripke model M = W, R, D, I is defined as in the modal case, except that the interpretation function I satisfies the additional condition that wRw ′ implies I(w, P ) ⊆ I(w ′ , P ). An assignment is defined as in the modal case. The truth of a formula ϕ in a world w of a model M under an assignment g is inductively defined as follows:
• M, w |= g ϕ 1 → ϕ 2 if, for every w ′ ∈ W such that wRw ′ and M, w ′ |= g ϕ 1 , we have M, w ′ |= g ϕ 2 ;
• M, w |= g ∃x ϕ 1 if, for some assignment g ′ that differs from g at most in the value of x and such that g ′ (x) ∈ D(w), we have M, w |= g ′ ϕ 1 ;
• M, w |= g ∀x ϕ 1 if, for every w ′ ∈ W with wRw ′ and every assignment g ′ such that g ′ differs from g in at most the value of x and such that g
Truth in models, frames, and classes of frames is defined as in the modal case. Then, QInt is the set of formulas true in all frames.
We also consider some logics closely related to QInt. First, QKC is the quantified counterpart of the propositional logic KC = Int + ¬p ∨ ¬¬p. Semantically, QKC is characterized by the frames that satisfy the (convergence) condition that wRv 1 and wRv 2 imply the existence of world u with v 1 Ru and v 2 Ru.
Second, we consider quantified counterparts of Visser's basic propositional logic BPL and formal propositional logic FPL [18] : BPL and BFL are logics in the intuitionistic language whose modal companions are K4 and GL-that is, given the Gödel's translation t of the intuitionistic language into the modal one, BPL = t −1 (K4) and FPL = t −1 (GL). Therefore, we define their quantified counterparts as logics QBL = T −1 (QK4) and QFL = T −1 (QGL), where T is the extension of t with the following clauses: T (∃x ϕ) = ∃x T (ϕ); and T (∀x 1 . . . ∀x n ϕ) = ✷∀x 1 . . . ∀x n T (ϕ), where ϕ does not begin with a universal quantifier. Kripke frames and models for QBL and QFL are defined as for QInt, except that the accessibility relation is only required to be anti-symmetric and transitive. The relation M, w |= g ϕ is defined as in the intuitionistic case, with the following modification for the universal quantifiers:
• M, w |= g ∀x 1 . . . ∀x n ϕ 1 , where ϕ 1 does not begin with a universal quantifier, if for every w ′ ∈ W such that wRw ′ and every assignment g ′ such that g ′ differs from g in at most the value of x 1 , . . . , x n and such that g
this clause is required to make, in the absence of reflexivity of the accessibility relation, the formula ∀x∀y ϕ equivalent to the formula ∀y∀x ϕ. Then, QBL is sound (and complete) with respect to all thus defined frames, while QFL is sound (but not complete) with respect to the subclass where the converse of the accessibility relation is well-founded.
Undecidability results
It is shown in [9] that the two-variable fragment QInt(2) of QInt is undecidable; this is accomplished by reducing the following undecidable tiling problem [2] to the complement of QInt (2): given a finite set T of tile types that are tuples of colours t = lef t(t), right(t), up(t), down(t) , decide whether T tiles the grid N × N in the sense that there exists a function τ : N × N → T such that, for every i, j ∈ N, we have up(τ (i, j)) = down(τ (i, j + 1)) and right(τ (i, j)) = lef t(τ (i + 1, j)). We build on this result to prove undecidability of QInt (2) with a single monadic predicate letter. For our purposes, we need to slightly tweak the formulas used in [9] , so that we can work only with the positive fragment of QInt (2); this will also allow us to simultaneously deal with all logics between QInt and QKC, as they share the same positive fragment. All we do to the formulas from [9] is replace ⊥ with a propositional variable q. The resultant formulas are listed below for the reader's convenience; for ease of reference, we preserve the numbering from [9] :
∀x ∃y H(x, y) ∧ ∀x ∃y V (x, y),
Let ψ + T be the conjunction of formulas (1) through (6) . Then,
One can, then, check that the argument from [9] can be easily modified to show that ϕ + T / ∈ QInt(2) if and only if T tiles N×N. Since ϕ + T is a positive formula, this immediately gives us the undecidability of the positive fragment of QInt (2) .
Next, we model binary predicate letters of ϕ + T with monadic ones, drawing on an idea of Kripke's for modal logics [11] . Make the following substitution into ϕ + T : replace
Call the resultant formula ξ As we can replace q in the formulas above with, say, ∃x Q(x), this gives us the following: (2) is undecidable.
We now embed the positive monadic fragment of QInt(2) into its subfragment containing formulas with only one predicate letter.
First, we define the frame F = W, R . This frame, depicted in Figure 1 , is made up of "levels" of worlds. The three top-most levels are depicted at the top of Figure 1 Let M be a model with constant domains, say Z, based on F (without a loss of generality, we can assume that Z contains at least three individuals) and let a ∈ Z. We say that M is a-suitable if, for some b ∈ Z with b = a, the following hold: I(d 2 , P ) = { c : c ∈ Z and c = a}; We now define formulas, of one free variable x, that will correspond to the worlds of an a-suitable model in the sense that each formula will fail at a world w of the model, with a assigned to x, exactly when w can see the world corresponding to the formula. For these formulas, we will use notation that makes clear which worlds they correspond to: i. e. formula , and so on. First, we define formulas for the three top-most levels:
Now, assume that the formulas for level k have been defined and define Proof. Induction on k. ✷ Now, let ϕ be a positive formula containing monadic predicate letters P 1 , . . . , P n (we may assume n 2). For each i ∈ {1, . . . , n}, define
Finally, let ϕ * be the result of substituting, for every i ∈ {1, . . . , n}, of α i (x) for P i (x) into ϕ. We conclude that M * , w 0 |= ϕ * and thus ϕ * / ∈ QInt. ✷ As the construction of ϕ * from ϕ did not introduce any fresh individual variables, we have the following: Theorem 3.4 The positive fragment of QInt(2) with a single predicate letter is undecidable.
We now extend the argument presented above to all logics in intervals [QBL, QKC] and [QBL, QFL].
First, to establish the undecidability of two-variable fragments of logics whose semantics might contain irreflexive worlds, we need to slighly modify formulas (1) through (6) listed above. Therefore, we define ψ * T to be the conjuction of ψ + T and following formula:
Then, let
This enables us to prove, using the tiling problem described above, that T tiles N × N if and only if ϕ * T ∈ L(2), where L ∈ [QBL, QFL]. We leave the details of the proof to the reader. Notice that the proof also works for logics in [ difficult to see that the results analogous to those obtained in section 2 can be obtained for quasi-normal logics such as QS (Solovay's logic) and Lewis's QS1, QS2, and QS3 [5] .
A notable exception in our consideration of modal logics is QS5, whose two-variable monadic fragment was shown to be undecidable in [9] . While it is not difficult to extend our results to the multimodal version of QS5-we need to modify the construction used for QKTB by substituting a succession of two steps along distinct accessibility relations for a single step in the frames for a-suitable models-as well as to show, by encoding the same tiling problem as in [9] , that the two-variable fragment of QS5 with two monadic predicate letters and infinitely many propositional symbols is undecidable, the case of QS5 remains elusive. We conjecture that the fragment of QS5 with two variables and a single monadic predicate letter is decidable.
On the other hand, it is rather straightforward to show that QS5 with a single monadic predicate letter and an infinite supply of individual variables is undecidable. Indeed, let SIB be the first-order theory of symmetric irreflexive binary relation S; it is well-known that SIB is undecidable [15, 10] . We can then express S(x, y) as ✷(¬P (x) ∨ ¬P (y)) and show that, if a quantified modal logic QL is valid on a frame containing a world that can see infinitely many worlds, then QL is undecidable in the language with a single monadic predicate letter (and infinitely many individual variables). This observation covers all modal logics considered in [9] , but not covered by the results of section 2, including QS5, QGL.3, and QGrz.3.
We would also like to point out that the techniques used in this paper can be applied to logics that are known to be not recursively enumerable, such as QK * [19] , QGL sem [16] and QGrz sem [16] , to show that their two-variable fragments with a single monadic predicate letter are not recursively enumerable.
